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We prove, using the result of Part I, that the full collimation group of any 
projective plane of order 10 has order 1, 3, or 5. 
1. INTRODUCTION 
In part I, it was shown that a projective plane of order 10 cannot have a 
collineation group of order 9 which fixes a 12-arc, a set of twelve points, no 
three collinear. In Part II, we use this result to show that a projective plane of 
order 10 cannot have a collineation group of order 9. We then show that 
collineation groups of order 25 and 15 are not possible, either. Since 3 and 5 
are the only prime divisors of a collineation group of any plane of order 10 
(Hughes [1] and Whitesides [2]), we produce the result that the full collinea- 
tion group of any projective plane of order 10 has order 1, 3, or 5. 
2. POSSIBILITIES FOR GROUPS OF ORDER 9 
Assume, now, that U is a projective plane of order 10 with a collineation 
group T of order 9. We call a point (line) an f-point Cf-line) of r if some non- 
identity element of T fixes the point (line). 
THEOREM 2.1. One of the following possibilities for I’ holds: 
(i) r is cyclic, and the cycle structure of a generator is 91231; 
(ii) I’ is cyclic, and the cycle structure of a generator is 9”13; 
(iii) r is elementary abelian, and the f-points and f-lines of I’ form a 
triangle; 
(iv) r is elementary abelian, and the f-points andf-lines of r form a set 
of four disjoint triangles; no side of any triangle in this set passes through a 
vertex of another in the set. 
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Proof. By Hughes [l], an element of order 3 fixes either three points, 
which are non-collinear, or nine points. Therefore, if r is cyclic, the 111 
points of 17 lie in twelve F-orbits of length 9 and either one Forbit of length 3 
(case i) or three F-orbits of length 1 (case ii). 
We claim that if F is elementary abelian, then no non-identity element fixes 
nine points. Suppose the contrary, and let 4 be such an element. By Hughes 
[l], one tied line L of 4 contains eight Axed points and a point orbit 0 of 
length 3, and there is one additional fixed point p of r$, p $ L. Consider an 
element 9 of r, 0 $ (+). S ince 0 permutes the fixed points of 4, 8 must fixp, 
L, and &. If 0 fixes the points of 0, then 0 must fix an additional five points on 
L. Hence 40 fixes exactly five points on L, which is impossible. If 6’ cyclically 
permutes the points of 0, then one of 40 and $e2 fixes either five or eleven 
points on L, again an impossibility. Hence if F is elementary abelian, then 
either the f-points of r form a triangle (case iii) or r contains two elements 
&, and $i of order 3 such that the fixed points of & form a triangle A,, and 
the hxed points of d1 form a triangle .4, , d, # A, . In the latter situation, let 
4, and A, be the sets of points fixed by $,&I and #J&~, respectively. Then 
triangles di , 0 < i < 3, are disjoint and have the property that no side of one 
passes through a vertex of another. This is case iv. 
Remark 2.2. The method we use to rule out the cases of Theorem 2.1 is 
to study a matrix M = [mii] whose rows and columns represent distinct 
length 9 line and point orbits, respectively, of l7 Let the i-th row ri represent 
line orbit gi and the $h column c, represent point orbit Bj, and define 
mij = k if every line in Zi contains k points of B, . Entry mij is well-defined 
and has the property that any point in Pj has mi3 lines of 5?i passing through 
it. If p E gj , then the number of points of P? which lie on lines of Zi passing 
through p is mij(mij i 1) + 1 < 9. Hence mij < 3. Let n2 and n3 be the 
number of entries equal to 2 and 3, respectively, in ri . The number of ordered 
triples (L, L’, p), where L, L’ E Pi, L # L’, and L r\ L’ = p is 9.8, or 
9(6n, + 2n,) plus the contribution from points which do not lie in orbits 
represented by columns of M. This observation and knowledge of the ith 
row sum determine the possibilities for the ith row up to permutations of its 
entries. The inner product (ri , r,) of distinct rows ri and rj can be determined 
by counting triples (Li , Lj , p), where Li E -Pi, Lj E 5?j, and Li CI Lj = p. 
This number is 9.9, or 9(ri, rj) plus the contribution from points in orbits 
not represented in M. Similar remarks hold for the columns of M. 
3. F = {y) AND y HAS CYCLE STRUCTURE 91231 
Let a, b, and c be the points of the length 3 orbit of lY Let gl, PZZ, and 
-U; be the length 9 orbits of lines which intersect {a, b, c} in a single point. Let 
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B, , B, , and 8, be the length 9 orbits of points which lie on lines ab, bc, and 
ac. There are nine length 9 orbits .Ep4 ,..., YIz of lines not containing a, b, or c 
and nine length 9 orbits 8, ,..., PI2 of points not lying on ub, bc, or ac. Let 
M - [Q], 1 < i,j < 12, be the matrix of Remark 2.2. The possibility for r 
under consideration may be ruled out by showing that M does not exist, and 
we outline below a procedure for establishing this fact. 
Remark 3.1. Suppose that L E JZ’~, 1 < i < 3, and that L contains three 
distinct points p, p(ys), p(f) of Pj, where 1 <j < 12, 1 < s < t < 8, 
and r = (7). Then since L is not an f-line, s # t - s, s # 3, t # 3, and 
f - s # 3. However, it is easy to check that if L contains three points of Pj , 
there is a choice for p such that s and t do not satisfy these requirements. 
Remark 3.2. M has the following properties. 
(i) For 1 < i < 3 and 1 < j < 12, mij < 3, by Remark 3.1; 
(ii) For 1 < i < 12 and 1 <j < 3, mij < 3, by the argument dual 
to Remark 3.1; 
(iii) For 1 < i, j < 3, m, + mi2 + mi3 = mlj $ mu -I- qi = 1; 
(iv) For 1 < i < 3, Ciil mij = 10 and for 1 <j < 3, gzl mii = 10; 
(v) For 1 < i #j < 3, (ri , rj) = (ci, Cj) = 6; 
(vi) For 1 < i < 3, 4 <j < 12, (Ti, rj) = (ci, Cj) = 9; 
(vii) For 4 < i #j < 12, (ri , rJ = (Q , Cj) = 9; 
(viii) For 4 < i < 12, Cii, mij = 11 = Cti, mji . 
By Remark 3.2 (iii), we may assume the point orbits B, , B, , and P3 and 
the line orbits SI, JZz, and g3 are labelled so that the upper left 3 x 3 sub- 
matrix of M is the identity matrix. 
From Remark 3.2 (i), (ii), and (iv), we find that each of the first three rows 
and columns of M contain three 2’s, four l’s, and five 0’s. By using (v), it is 
now easy to check that r, , r2, r, may be assumed to have one of following 
two forms: 
rI = 100222 111 000, rl = 100 22 00 11 210, 
r2 = 010 111 000 222, or r2 = 010 11 22 00 021, 
r3 = 001 000 222 111 r, = 00100 11 22 102. 
Similarly, cl, c2, and c3 may be assumed to have the transpose of one of the 
forms given. 
Rows and columns 4 through 12 may have either one 3, one 2, six l’s, and 
four O’s, or four 2’s, three l’s, and five 0’s. By tedious but straightforward 
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investigation, one may show first that no possibilities for M have any 
entries equal to 3 and finally, that there are no possibilities at all for M. Hence 
r cannot be generated by an element with cycle structure 91231. 
4. THE POINTS AND LINFS FIXED BY ALL ELEMEN-IS OFI' FORM ATRLANGLE 
In this section, we discuss simultaneously (ii) and (iii) of Theorem 2.1. 
Let a, b, and c be the points fixed by every element of r. Let A4 be the 
9 x 9 matrix whose rows and columns represent the orbits of lines which do 
not pass through a, b, or c and the orbits of points which do not lie on lines 
ab, bc, or ac. 
Using Remark 2.2, we find that there may be two types of rows and col- 
umns: one type has one 3, one 2, three l’s, and four O’s, and the other type 
has four 2’s and five 0’s. However, this latter type cannot occur in a column, 
as it corresponds to a point orbit which forms, with a, b, and c, a 1Zarc 
fixed as a set by r. This possibility was ruled out in Part I. Similarly, this 
type cannot occur in a row as it gives rise to a 1Zarc fixed by a group of 
order 9 in the plane dual to n. 
We may assume 
r, = 321110000 and Cl = r,=. 
Noting that (ri , rj) = 6 = <ci , c,) for 1 < i # j < 9, we find that we may 
assume 
r2 = 200003111 and c2 = rzT. 
Now there are no possibilities for cg . Hence cases (ii) and (iii) of Theorem 2.1 
cannot occur. 
5. THE F-POINTS AND F-LINES OF r FORM FOUR DISJOINT TRIANGLES 
We consider case (iv) of Theorem 2.1. 
We choose generators yi , 0 < i < 3, for the four subgroups of order 3 
of r and let di be the set of fixed points and fixed lines of yf . The di are 
disjoint triangles such that no side of one passes through the vertex of another. 
(From here on, we use “triangle” to refer to one of the di .) The set 0? of 
f-points of r consists of the vertices of these triangles. cZ! does not necessarily 
have the property that every line intersects the set in either zero or two points. 
In fact, a line may contain as many as four points of a, one from each 
triangle. While we cannot exploit the notion of spread type introduced in 
Part I, we may nevertheless use Qd to distinguish types of lines and points. 
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DEFINITION 5.1. A line which is not an f-line is an i-line if it contains i 
points of IX Similarly, an i-point is a point outside fl which lies on i sides of 
triangles. 
Remark 5.2. There may be i-lines and i-points for 0 < i < 4. Also, 
points (lines) in the same length 9 orbit are all i-points for some fixed i. 
Let ti be the number of orbits of i-points, 0 < i < 4. 
LEMMA 5.3. The possibilities for the ti are: 
(i) t4 = 1, t, = t, = 0, t, = 8, to = 2; 
(ii) ta=0,t,=I,t,=t,=3,t,=4. 
Proof. Since 99 points of lT do not belong to GZ, we have 
9 i ti = 99. 
i=o 
By counting in two ways pairs (p, L), where point p lies on side L of a triangle, 
but p 4 ol, we find that 
12 - 9 = 9(t1 + 2t, -I- 3t, + 4t4). (2) 
By counting in two ways ordered triples (L, L’, p), where L n L’ = p $ G!, 
we find that 
12 -9 = 9(2tz + 6t, + 12tk). (3) 
Since there is exactly one orbit of points which lie on a side of di and a 
side of Aj , i # j, 
f4 < 1 and t, < 1. (4) 
Cases (i) and (ii) arise from (l)-(4). In addition, these equations give rise 
to the possibility t, = t3 = tl = 0, t, = 6, to = 5. In this situation, ad is a 
12~arc fixed as a set by F, so this case does not occur, by the result of Part I. 
Remark 5.4. By duality, the possibilities for the numbers of orbits of 
i-lines are also given by (i) and (ii) of Lemma 5.3. 
Using Lemma 5.3 and Remark 5.4, we may now distinguish three possi- 
bilities: 
(a) I7 has an orbit of Cpoints and an orbit of Mines; 
(b) 17 has one orbit of Cpoints and one orbit of 3-lines (the dual of 17 
has an orbit of 4-lines and an orbit of 3-points); 
(c) 17 has an orbit of 3-points and an orbit of 3-lines. 
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Case a). Let L be a line containing four fioints of 02. Since L must pass 
through a vertex of each triangle, L meets eight of the twelve triangle sides at 
points of 6?!. The intersections of L with the four remainingf-lines determine 
either four l-points on L or one 4-point on L, so L contains at least three 
O-points. By assumption, 17 has only two orbits of O-points, so at least two 
points of L belong to the same orbit. Then there is a point p and a yi E r 
such that p andpy, lie on L. However, yi fixes the points of Ai , including the 
vertex of Ai on L. Hence yi fixes L, a contradiction. 
Case b). We may assume that the 3-lines join triangles A, , A,, and A, . 
Let L be a 3-line, and suppose for the moment that L contains a Cpoint p. 
There are only two sides of triangles which do not meet L at p or at one of the 
three vertices of CI! on L, namely, two sides of A,, . Hence L contains five 
O-points. Since there are only two orbits of O-points, L contains at least 
three O-points in the same orbit. Since y0 and r;l are the only elements of F 
which do not already Gx a point of L, yr permutes three O-points on L, 
hence fixes L, an impossibility. 
Case c) is more complicated than cases a) and b), and we consider it in 
the next section. 
6. 17 CONTAINS ORBITS OF ~LPOINTS AND ~-LINES 
There are really four possibilities to consider ,in this situation, as the 
3-points and the 3-lines may or may not intersect the same three triangles, 
and the 3-lines may or may not contain 3-points. 
The 3-Piints and 3-Lines Intersect DQ&erent Triangles 
Let Z0 be the orbit of 3-lines, and assume the 3-lines join triangles A, , A, , 
and A, . The three orbits of 2-lines must consist of lines joining A, to the 
other triangles. Let ZI, Zz, and 9s be the orbits of lines joining A, to A,, 
A,, and A,, respectively. Consider a vertex of Ai, Ai # A,, . This vertex 
lies on three 3-lines, two sides of Ai , and three 2-lines joining it to A,, . It 
therefore lies on three l-lines. Hence the three orbits of l-lines consist of 
lines containing a point of either A, , A, , or A, . Let these line orbits be 
denoted 9*, P5, and gc, respectively. Let 9, ,..., ,Ep10 denote the four orbits 
of O-lines. 
Let @,, be the orbit of,3-points. Assume that each 3-point lies on a side of 
A 03 a side of A,, and a side of A, . The three orbits of 2-points must consist 
of points at which a side of A, intersects a side of either A, , A, , or A, . Let 
these point orbits be denoted by 8,) 9, , and Ps, respectively. Consider a 
side of Ai , Ai + A, . This side contains three 3-points, meets the sides of 
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d, in three 2-points, and so contains three l-points. Hence the three orbits 
of l-points consist of points which lie on one side of either d, , d, , or d, . 
Let g4 , Y5 , and 8, denote these points orbits, respectively, and let 9, ,..., 8,, 
denote the O-point orbits. 
Suppose, for the moment, that a 3-line L does not contain a 3-point. L 
meets two sides of d, at a vertex of d, , and it must meet the third side at a 
2-point p, which must be the only 2-point on L. Therefore, L meets at 
l-points at least two sides of d,, which do not pass throughp. These l-points 
belong to the same orbit, 8,) so L contains two l-points q and qyi, where 
yg # y0 . But then yi fixes the vertex of di on L and so fixes L, an impossi- 
bility. 
Consider the matrix M = [Q] of Remark 2.2, where ri represents Pi 
and cj represents 9j , 0 < i, j < 10. We have just seen that m, # 0, hence 
m - 1. 00 - 
Let L E PO. L meets two sides of d, at a vertex of d, , so it must meet the 
third side at a 2-point which belongs to 9, . Hence m,, = 1 and mo2 = m,, = 
0. Also, mM = 1 and mob = mo6 = 0. We find that r, contains one 2, six l’s, 
and four 0’s. By appropriately labelling the orbits of O-points, we may assume 
that mo, = 2, so 
r. = 1 100 1002111. 
By using arguments dual to those above, we find that, with an appropriate 
labelling of the O-line orbits, 
co = (1 001 001 2111)T. 
We now investigate rl , r2 , and r, , bearing in mind that m,, = mso = 0 
and mso = 1. We find that 
(r. , ri) = (ri , rj) = 6, 1 <i#j<3 
and that ri contains two 2’s, five l’s, and four O’s, 1 < i < 3. 
Let L E PI. L meets the sides of A, in three 2-points. At most one of these 
2-points belongs to 9, ; otherwise, either y. or y1 fixes L. Since L already 
meets two sides of A, and two sides of A,, we have that ml1 = ml2 = ml3 = 
1. Hence ml4 = ml5 = 0 and ml6 = 2. In order to achieve (r. , r,) = 6, 
we must have ml7 = 1. By appropriately labelling point orbits 8,) 8, , and 
B,, , we may assume that 
r, = 0 111 002 1210. 
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Keeping in mind that <rl , r2) = 6, we find by similar arguments that either 
r2 = 0 111020 1021 or r2 = 0 111020 1102. 
Let L E -Ps. L meets two sides of d, at a vertex of d, , so L contains one 
2-point, the point at which L meets the third side of d, . This 2-point lies 
either on a side of d, or on a side of d, . In the former case, we have rnzL = 
l?lg3= ms4 = 0, ms2 = rns = 1, and ma6 = 2. In the latter case, we have 
m al = m32 = rnx = 0, ms3 = rns6 = , 1 and rns = 2. In either case, in order 
to achieve {r,, , r3) = 6, we must have m3, = 1. Then, in the former case, 
<rl , r3) # 6 and in the latter case, (r2 , r3) # 6. 
The 3-Lines and 3-Points Intersect the Same Triangles 
Let Z0 be the orbit of 3-lines and B, the orbit of 3-points, and let these 
orbits be represented by r, and c, of M. Suppose that any line in .EeO contains 
a point from each of A, , A, , and A, , and that any point of B,, lies on a side of 
each of A,, A,, and A,. The three orbits of 24nes consist of lines joining 
A,, to either A,, A,, or A, ; the three orbits of 2-points consist of points 
lying on a side of A, and a side of either A,, A,, or A,. Let these orbits be 
represented by rl , r, , r, and c1 , c2 , cs of M, let r0 represent ..Z, , and let 
c, represent 8,. The three orbits of l-lines consist of lines passing through 
a point of either A, , A,, or A, ; the three orbits of l-points lie on a side of 
either A,, A,, or A, . Let these orbits be represented by r, , r, , r, and c, , cs , 
cs . Let the orbits 2, ,,.., Pr,, of O-lines be represented by r, ,..., r,, and the 
orbits 8, ,..., PI,, of O-points by c, ,..., c,, . 
A 3-line cannot contain a 3-point because a 3-line must meet the sides of 
A, at 2-points. 
Consider a 3-line L which does not contain a 3-point. It meets the sides of 
A,, in three 2-points which must belong to different orbits. Hence L contains 
no l-points. By appropriately labelling 9, ,..., B,, , we have 
r, = 0 111 000 2111. 
Similarly, we may assume that q, = (r$‘. 
Consider the point orbit, represented by c, , whose points each lie on two 
3-lines. The points in this orbit lie on three 2-lines, since any line through a 
point of A, other than a side of A, is a 24ne. Hence they lie on no l-lines. 
We find that c, either contains one 3, one 2, six l’s, and three O’s, or contains 
four 2’s, three l’s, and four 0’s. Since (co, c,) = 9, we find that in fact, 
c, = (2 111 000 0222)7-. 
We claim that c, represents a point orbit which together with A, forms a 
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1Zarc fixed as a set by r, which is impossible by Part I. Certainly no line 
contains more than two points of the point orbit. No side of d, passes through 
a point of the orbit, and no line containing two points of the orbit passes 
through a point of d, . 
We have now established the following Theorem. 
THEOREM 6.1. A projective plane of order 10 cannot have a collineation 
group of order 9. 
7. CONCLUSION 
LEMMA 7.1. 17 cannot have a collineation group of order 25. 
Proof. Suppose r is a group of order 25 of L!. By Hughes [l], a col- 
lineation of order 5 of 17 has one fixed point and one fixed line; these are 
coincident. Thus r cannot be cyclic, as the fifth power of a generator would 
fix more than one point. If r = (4, 0), where (b and 0 have order 5, then 
there is a point p and a line L fixed by both C$ and 8. The two &orbits of 
length 5 on L must be fixed as sets or interchanged by 4. In fact, they must be 
fixed. Then for some i, 0(e) fixes at least two points on L, which is impossible. 
From Lemma 7.1, Theorem 6.1, the fact that 11 does not divide the order 
of any collineation group of l7, and the fact that 3 and 5 are the only other 
possible divisors, we have that the order of any collination group of a 
projective plane of order 10 is 1, 3, 5, or 15. 
LEMMA 7.2. L? cannot have a collineation group of order 15. 
Proof. A collineation group of order 15 of n would be abelian, so an 
element of order 5 would have to permute the fixed points of an element of 
order 3, which is not possible, since a collineation of order 3 of 17 has either 
three or nine fixed points by Hughes [I]. 
We have now established the following Theorem. 
THEOREM 7.3. Any collineation group of a projective plane of order 10 
has order 1, 3, or 5. 
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